Abstract. We prove the automorphic property of the invariant of K3 surfaces with involution, which we obtained using equivariant analytic torsion, in the case where the dimension of the moduli space is less than or equal to 2.
Introduction
Let (X, ι) be a K3 surface with anti-symplectic holomorphic involution and let H 2 + (X, Z) be the invariant sublattice of H 2 (X, Z) with respect to the ι-action. By Nikulin [12] , the topological type of ι is determined by the isometry class of H 
is a certain arithmetic subgroup. In [17] , we introduced a real-valued invariant τ M (X, ι) of (X, ι), which we obtained using equivariant analytic torsion [2] and a Bott-Chern secondary class [3] . Let X ι be the set of fixed points of ι : X → X. If r(M ) ≥ 18, X ι is the disjoint union of finitely many compact Riemann surfaces, whose total genus is determined by M (cf. [12] ). Let g(M ) be the total genus of X ι . Then our main result is stated as follows. 2-elementary K3 surface (X, ι) of type M ,
Here M (X, ι) ∈ M o M ⊥ denotes the period of (X, ι), Ω(X ι ) ∈ S g(M ) /Sp 2g(M ) (Z) denotes the period of X ι , and · denotes the Petersson norm.
In [19] , we shall use Theorem 1.1 to give explicit formulae for Ψ M and S M . In fact, Ψ M is expressed as an explicit Borcherds lift of a certain elliptic modular form and S M is expressed as the product of all even theta constants.
This note is organized as follows. In Sect.2, we recall the invariant τ M . In Sect.3, we recall the moduli space of 2-elementary K3 surfaces of type M and prove a technical result. In Sect.4, we study the singularity of τ M . In Sect.5, we prove Theorem 1.1. In Sect.6, we prove a technical result used in the proof of the main theorem for a certain M .
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2. K3 surfaces with involution and the invariant τ M Let X be a K3 surface and let ι : X → X be a holomorphic involution acting non-trivially on holomorphic 2-forms on X. The pair (X, ι) is called a 2-elementary K3 surface. Let L K3 be a fixed even unimodular lattice of signature (3, 19) , which is called a K3-lattice. Then H 2 (X, Z) equipped with the cup-product pairing is isometric to L K3 . Let M ⊂ L K3 be a sublattice. The pair (X, ι) is of type M if the invariant part of H 2 (X, Z) with respect to the ι-action is isometric to M . By [11] , there exists a 2-elementary K3 surface of type M if and only if M is a primitive, 2-elementary, Lorentzian sublattice of L K3 .
Let (X, ι) be a 2-elementary K3 surface of type M . Identify Z 2 with the subgroup of Aut(X) generated by ι. Let κ be a Z 2 -invariant Kähler form on X. Let τ Z2 (X, κ)(ι) be the equivariant analytic torsion of the trivial Hermitian line bundle on (X, κ). For the definition and the basic properties of (equivariant) analytic torsion, we refer the reader to [13] , [3] , [2] , [8] , [9] . Set vol(X, κ) := (2π)
η ∧η. Let X ι := {x ∈ X; ι(x) = x} be the set of fixed points of ι and let X ι = i C i be the decomposition into the connected components. By [12] , the total genus g(X ι ) of X ι depends only on M and hence is denoted by g(M ). Set vol(C i , κ| Ci ) := (2π)
Ci κ| Ci . Let c 1 (C i , κ| Ci ) be the Chern form of (T C i , κ| Ci ) and let τ (C i , κ| Ci ) be the analytic torsion of the trivial Hermitian line bundle on (C i , κ| Ci ).
By [17, Th. 5.7] , the real number
is independent of the choice of κ. Hence τ M (X, ι) is a real-valued invariant of (X, ι). We regard τ M as a function on the moduli space of 2-elementary K3 surfaces of type M .
3.2.
One parameter families of 2-elementary K3 surfaces. We need a modification of [17, Th. 2.8] , which shall be used in Sects.4 and 6.
Theorem 3.1. Let C ⊂ M * M ⊥ be an irreducible projective curve. (1) There exist a smooth projective curve B, a morphism ϕ : B → M * M ⊥ , an irreducible projective threefold X with an involution θ : X → X, and a surjective morphism f : X → B with the following properties:
Let p : Z → ∆ be a proper surjective projective morphism from a smooth threefold to the unit disc and let ι : Z → Z be a holomorphic involution preserving the fibers Z t = p −1 (t) of p. Assume that (Z t , ι| Zt ) is a 2-elementary K3 surface for all t ∈ ∆ * := ∆\{0} and that the period map for p : (Z, ι)| ∆ * → ∆ * extends to a non-constant holomorphic map γ : ∆ → C.
Let ν ∈ Z ≥0 . Then there exist ϕ : B → C, f : X → B, θ : X → X as above in (1) and a point p ∈ ϕ −1 (γ(0)) and an isomorphism of germs ψ : (∆, 0) ∼ = (B, p) with the following properties:
The maps of germs ϕ : (B, p) → (C, γ(0)) and γ : (∆, 0) → (C, γ(0)) have the same ν-jets: For any F ∈ O C,γ(0) ,
(f) Let Def(Z 0 ) be the Kuranishi space of Z 0 and let µ f : (B, p) → Def(Z 0 ) and µ p : (∆, 0) → Def(Z 0 ) be the maps of germs induced by the deformations f : (X, X p ) → (B, p) and p : (Z, Z 0 ) → (∆, 0), respectively. Then µ f and µ p have the same ν-jets: For any F ∈ O Def(Z0) , (i) Let D ⊂ T be the discriminant locus of π : X → T and define 
(2) To prove (2), we must choose B more carefully as in [17, Proof of Th. 2.8 Claim 2]. Let σ : ∆ → Γ be the map defined as σ(t) := (c(t), γ(t)) for t ∈ ∆. Let Σ : Γ → Γ be a resolution such that Γ is projective. Since c(∆ * ) ⊂ T \ Sing T and hence σ(∆ * ) ⊂ Γ \ Sing Γ, σ lifts to a holomorphic map σ : ∆ → Γ such that σ = Σ • σ. By [5, Th. 1.1], there exist a pointed smooth projective curve (B ν , p ν ), a holomorphic map h ν : B ν → Γ and an isomorphism of germs ψ : 
we get by (3.1), (3.2)
This proves (e). Let µ π : (T, c(0)) → Def(Z 0 ) be the map induced by the deformation π : (X , X c(0) ) → (T, c(0)). Since
we get by (3.1), (3.4)
This proves (f). This completes the proof of (2).
The singularity of τ M
We prove the logarithmic divergence of τ M for any one-parameter degeneration of 2-elementary K3 surfaces of type M . For this, we recall the following: Theorem 4.1. Let π : X → S be a proper surjective holomorphic map from a connected projective algebraic manifold X of dimension n+1 to a compact Riemann surface S. Let G be a finite group. Assume that G acts holomorphically on X and trivially on S and that π : X → S is G-equivariant. Hence G preserves all the fibers X s := π −1 (s), s ∈ S. Let ∆ := {s ∈ S; Sing(X s ) = ∅} be the discriminant locus. Let h X be a G-invariant Kähler metric on X and set h s := h X | Xs for t ∈ S \ ∆. Let τ G (X s , h s )(g) be the equivariant analytic torsion of the trivial Hermitian line bundle on (X s , h s ). Let t be a local coordinate of S centered at 0 ∈ ∆. If N is the order of g ∈ G, then there exists
Proof. See [20, Th. 1.1 and Cor. 6.10]. We remark that ∆ = S by Sard's theorem, since ∆ is the analytic subset of S defined as the image of the critical locus of π.
Theorem 4.2. Let (S, 0) be a pointed smooth projective curve equipped with a coordinate neighborhood (U, t) centered at 0, let X be a smooth projective threefold equipped with a holomorphic involution θ : X → X, and let π : X → S be a surjective holomorphic map. Assume the following:
(1) the projection π : X → S is Z 2 -equivariant with respect to the Z 2 -action on X induced by θ and with respect to the trivial Z 2 -action on S.
Then there exists α ∈ Q such that
Proof. Set θ t := θ| Xt . Let h X be a Z 2 -invariant Kähler metric on X with Kähler form ω X and set ω t := ω X | Xt . By Theorem 4.1, there exists β ∈ Q such that
Let X θ be the set of fixed points of θ : X → X and let ∆ ⊂ S be the discriminant locus of π : X → S. By the Z 2 -equivariance of π, we have the decomposition
where π(X 
be the relative canonical bundle. Then the direct image sheaf π * K X/S is locally free on S by e.g. [16, Th. 6.10 (iv)]. By assumption (2), π * K X/S has rank one. By shrinking U if necessary, there exists
In particular, we may assume η X/S | Xt = 0 for t = 0. Since K X/S | Xt is trivial for t = 0 by (2), this implies that η X/S | Xt is nowhere vanishing on
We prove the existence of δ ∈ Q such that as t → 0
Let Σ π ⊂ X be the critical locus of π and let T X/S := ker π * | X\Σπ be the relative tangent bundle of π : X → S. Let h X/S := h X | T X/S be the Hermitian metric on T X/S induced from h X and let ω X/S be the (1, 1)-form on T X/S associated to h X/S . We identify ω X/S with the family of Kähler forms {ω t } t∈S . Let N * Xt/X be the conormal bundle of X t in X for t ∈ U \ {0}.
Since Ξ| Xt = η t ⊗ dπ, we get the following equation on X \ Σ π by (4.4) 
Substituting (4.5) into (4.6), we get
where we used (4.7) and (4.8) to get the second equality. Since q * Ξ is a holomorphic section of the holomorphic line bundle q * Ω 
By [18, Cor. 4.6] , there exists 3 ∈ Q such that 
be the irreducible decomposition of the set germ
b be the normalization. Then there exists α
Proof. Let f : (X, θ) → B be the family of 2-elementary K3 surfaces of type M with period map ϕ : B → C as in Theorem 3.1 (1) . By [1, Th. 13.4], there exists a resolution of the singularities µ : X → X such that θ lifts to an involution θ : X → X. We set f := f •µ. Since µ is an isomorphism outside the singular fibers of f , the period map for f : ( X, θ) → B coincides with ϕ : B → C. Replacing f : (X, θ) → B by f : ( X, θ) → B if necessary, we may assume that X is smooth.
This, together with the relation t • ϕ 
Automorphic forms on the moduli space. We fix a vector
(ii) Denote by 
4, we get #P SL 2 (Z) z ≥ 2. By e.g. [14] , we get z ∈ {i, e πi/3 , e 2πi/3 }.
or e 2πi/3 , then P SL 2 (Z) z ∼ = Z 3 . In this case,
does not contain a subgroup of order 4, which contradicts the fact 
Here M (X, ι) ∈ M M ⊥ denotes the period of (X, ι) and Ω(X ι ) ∈ A g(M ) denotes the period of X ι .
Proof. Since the assertion was proved when r(M ) ≤ 17 (cf. [17] ), we assume r(M ) ≥ 18. Let ∈ Z >0 be sufficiently large. Let S be a Siegel modular form of weight 4 on
does not vanish identically. Let F be a non-zero automorphic form on Ω
]). Then the following equations of currents on Ω
We set
∂ log ϕ . Since the residues of the logarithmic 1-form m ∂ϕ on Ω
By the definition of G and the equality ∂ log ϕ =∂ log ϕ, we get
-invariance of ϕ, we get γ * ∂ log ϕ = ∂ log ϕ, which yields that d log(γ * G/G) = 0. Hence there exists a constant χ(γ) ∈ C * with
* is a character. We see that |χ(γ)| = 1. Indeed, by the definition of χ, we get 
We set ν := m , 
By (5.12), (5.13), (5.14), there exists
By (5.11), (5.15), there exists n C,α ∈ Q such that the following equation of currents on C holds:
Since C ⊂ M * M ⊥ is arbitrary, this implies that ∂ log Φ is a logarithmic 1-form on (M * M ⊥ ) reg and that n C,α is the residue of ∂ log Φ along the irreducible divisor B M,α for sufficiently general C. Since n C,α is independent of the choice of sufficiently general C, we write n α for n C,α . By (5.11) and (5.16), we get Φ ∈ L Throughout Sect.6, we assume
and prove that (5.1) holds in this case.
6.1. Preliminaries. Since M ⊥ = 2 ⊕ 2 ⊕ −2 , we get the explicit expression:
The unit disc ∆ = {z ∈ C; |z| < 1} is isomorphic to Ω + M ⊥ by the map
For ∈]0, 1[, we set ∆( ) := {z ∈ ∆; |z| < } and Ω 
we get the first assertion. Since −1 M ⊥ , s δ and µ act on ∆ as follows under the identification (6.1):
we deduce from (6.2), (6.3) that the projection
We recall the notion of ordinary singular families of 2-elementary K3 surfaces. Let Z be a smooth complex threefold. Let p : Z → ∆ be a proper surjective holomorphic function without critical points on Z \ p −1 (0). Let ι : Z → Z be a holomorphic involution preserving the fibers of p. We set Z t = p −1 (t) and ι t = ι| Zt for t ∈ ∆. (1) The period map for p : (1) ϕ(B) = M * M ⊥ and the map f | U : (U, p) → (ϕ(U ), q) is a double covering with a unique ramification point p.
(2) The map p : X → B is Z 2 -equivariant with respect to the Z 2 -action on X induced by θ and with respect to the trivial Z 2 -action on B. We prove that Sing X ∩ X p = ∅. Since (X p , θ| Xp ) ∼ = (Zc (0) , ι| Zc ν C{t}. By choosing ν ≥ 2 in Theorem 3.1 (2) , this implies that mult p ρ f = mult 0 ρ p . Since Z is smooth, we get Sing X ∩ X p = ∅. Let U be a small neighborhood of p in B.
Since the map γ : (S, c(0)) → (C, q) has ramification index 2 by Lemma 6.1, we get (1) by Theorem 3.1 (e). We get (2) by Theorem 3.1 (b). By Theorem 3.1 (c), (X b , θ| X b ) is a 2-elementary K3 surface of type M with period ϕ(b) for b ∈ U \ {p}. Since p −1 (U ) is smooth, p| p −1 (U ) : (X, θ)| p −1 (U ) → U is an ordinary singular family of 2-elementary K3 surfaces of type M with period map ϕ| U . This proves (3) .
There is a resolution X → X such that θ lifts to an involution θ : X → X [1, Th. 13.4]. Replace (X, θ) by (X , θ). Then (1), (2), (3) are satisfied and X is smooth. This completes the proof. Proof. Let L be an odd unimodular lattice of signature (2, 1) and let δ, δ ∈ L be vectors with δ, δ = δ , δ = −1. Set Λ := δ ⊥ and Λ := (δ ) ⊥ . Since Λ ∨ /Λ ∼ = (Zδ) ∨ /(Zδ) and (Λ ) ∨ /Λ ∼ = (Zδ ) ∨ /(Zδ ), the equality δ, δ = δ , δ = −1 implies that Λ and Λ are positive-definite unimodular lattices of rank 2. It is classical that Λ ∼ = Λ . Since Zδ ⊕ Λ ⊂ L and since both of Zδ ⊕ Λ and L are unimodular, we get L = Zδ ⊕ Λ. Similarly, L = Zδ ⊕ Λ . Let ϕ : Λ → Λ be an isometry. Then g ± : Zδ⊕Λ mδ+λ → ±mδ +ϕ(λ) ∈ Zδ ⊕Λ is an isometry of L with g ± (δ) = ±δ such that either g + ∈ O + (L) or g − ∈ O + (L). This proves the lemma.
